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Abstract— This paper derives sufficient conditions for a
single-input single-output fuzzy system whose output is convex
with respect to its input. They are composed of two parts: the
constraint on input membership functions and the constraint
on the THEN parts of fuzzy rule base. And we prove in a
constructive manner that any continuously differentiable singleinput single-output convex function can be approximated with
any degree of accuracy by a single-input single-output fuzzy
system with the above conditions.

I. I NTRODUCTION
We often encounter the real problems that deal with the
convex input-output relationship. In the field of Computer
Aided Geometric Design, convexity preserving interpolation [1]-[4] is popular and practically important in modeling
the surface of the objects. In the car body modeling as an
example, its surface is required to be convex (or concave)
and contain no wiggles. Another example is a diode, one
of the elementary nonlinear electronic elements [5]. In the
forward-bias operation region, the i-v relationship of a diode
is approximated by i = Is (ev/nVT − 1) where Is is the saturation current, VT is the thermal voltage and n is the constant
that depends on the material and the diode structure. Because
the i-v relationship is roughly represented by an exponential
form, it shows that a diode has the convexity between the
given current i and the voltage v. In [6], S. Osowski used
a piecewise-linear convex model for the diode, which is
important from the practical point of view. Likewise, when
we model a diode using the fuzzy model, it is desired that the
fuzzy model preserves the convex relationship between the
voltage (input) and the current (output). This type of fuzzy
system whose output is convex with respect to its input is
called a convex fuzzy system (CFS) [7].
In recent years, researchers stated to consider the convexity
in a fuzzy system. In [8], Park developed sufficient conditions
that realize a single-input single-output (SISO) CFS. Using
a modified gradient descent-based adaptation algorithm, he
formulated a fuzzy parameter identification method so that
the CFS converges to the given convex target function.
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Kang (TSK) fuzzy systems and formulated a least squares
(LS) based identification method for a convex function.
In these papers, the CFSs are shown to perform better
than conventional fuzzy systems in robustness properties to
insufficient and noisy data pairs. In this paper, we derive
sufficient conditions on input fuzzy membership functions
and the THEN parts of fuzzy rule base for SISO CFS.
From the above results, an important question arises: Can
a given type of SISO CFS approximate a SISO convex
function? If a given CFS is identified as the universal
approximator to a convex function, then it will make a
good model in the practical systems that have convex inputoutput relationship. Many papers and books prove that the
fuzzy system is a universal approximator to any continuous
function or smooth function (e.g., [9]-[22]). For example,
Wang [9] proved that a fuzzy system with gaussian membership functions, center average defuzzifier and product
inference engine is able to serve as an universal approximator
to any continuous function. Using polynomial and Weierstrass approximation theorem [23], H. Ying [19] proved that
a Takagi-Sugeno-Kang (TSK) type fuzzy system is also a
universal approximator to any continuous function. In this
paper, we introduce a constructive manner how to design a
fuzzy system constrained by the convexity and prove that
the generated SISO CFS can approximate the continuously
differentiable SISO convex function.
This paper is organized as follows: Section II suggests
sufficient conditions for a fuzzy system to have the convex
input-output relationship. Section III show that SISO CFS
can serve as universal approximator of any continuously
differentiable SISO convex function. Section IV gives the
examples to design SISO CFS and Section V makes conclusions.
II. S INGLE - INPUT S INGLE - OUTPUT C ONVEX F UZZY
S YSTEMS
Some definitions are given to formally describe a CFS.
Definition 1: (Convex Set [24]) A set U is convex if
the line segment between any two points in U lies in U , i.e.,
if for any x1 , x2 ∈ U and any λ with 0 ≤ λ ≤ 1, we have
λx1 + (1 − λ)x2 ∈ U.
Definition 2: (Convex Function [24]) A function f is
convex if U is convex set and if for any x1 , x2 ∈ U , and λ

with 0 ≤ λ ≤ 1, we have

( x)

f (λx1 + (1 − λ)x2 ) ≤ λf (x1 ) + (1 − λ)f (x2 ).
If a fuzzy system satisfies the definition of convex function,
it is called a CFS.
Consider a SISO fuzzy system whose IF-THEN rules are
of the following form:
Rl : IF x is Al THEN y is B l

1

(1)

where Al and B l are finite complete [9] fuzzy sets in U and
1 ≤ l ≤ M is an index for rule base.
The output of a SISO fuzzy system with singleton fuzzifier
and center average defuzzifier is given as
PM l
l=1 ȳ · µAl (x)
(2)
y = f (x) = P
M
l=1 µAl (x)
where µAl (x) is the membership function that characterizes
the fuzzy set Al and ȳ l , what we call a consequent part
parameter, is the center of B l .
We now derive sufficient conditions for the SISO fuzzy
system to become convex [7], [8]. Here, the notations and
shape of the triangular membership function used in this
paper are depicted in Fig. 1.
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Membership functions on pth and (p + 1)th rules.

When x̄p < x < x̄p+1 , µp (x) and µp+1 (x) are given
respectively by
x̄p+1 − x
x̄p+1 − x̄p

µAp (x) =

(4)

and
µAp+1 (x) =

x − x̄p
.
− x̄p

x̄p+1
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Inserting (4) and (5) to (3) gives

( x)
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Theorem 1: (Sufficient conditions for a SISO CFS) The
output of the fuzzy system (2) with triangular membership
functions is convex with respect to x if the following
conditions are satisfied:
1) x̄p < x̄q for 1 ≤ p < q ≤ M
2) x̄p = x(p+1)L and x̄p+1 = xpR for 1 ≤ p ≤ M − 1
x̄p −x̄p−1
x̄p+1 −x̄p
3) ȳ p ≤ x̄p+1 −x̄p−1 ȳ p−1 + x̄p+1 −x̄p−1 ȳ p+1 for 2 ≤ p ≤
M −1
Proof: If x̄p < x < x̄p+1 for 1 ≤ p ≤ M −1, then input
x is covered by only two triangular membership functions
µAp (x) and µAp+1 (x). That is, µAr (x) = 0 for r 6= p and
r 6= p + 1 (Fig. 2).
Thus (2) is changed to
Pp+1 l
l=p ȳ · µAl (x)
f (x) = Pp+1
l=p µAl (x)
=

p+1

ȳ · µ (x) + ȳ
· µAp+1 (x)
.
µAp (x) + µAp+1 (x)
Ap

x−x̄p
x̄p+1 −x
p+1
· x̄p+1
x̄p+1 −x̄p + ȳ
−x̄p
x̄p+1 −x
x−x̄p
p+1
p +
p+1 −x̄p
¡ x̄p+1−x̄ ¢ x̄ p+1

ȳ p · x̄

(6)

where

The pth triangular membership function and its notations.

p

ȳ p ·

− x + ȳ
· (x − x̄p )
p+1 − x̄p
¡ p+1
¢x̄
p
ȳ
− ȳ x + ȳ p x̄p+1 − ȳ p+1 x̄p
=
x̄p+1 − x̄p
p+1
p
ȳ p x̄p+1 − ȳ p+1 x̄p
ȳ
− ȳ
x
+
= p+1
x̄
− x̄p
x̄p+1 − x̄p
= ax + b,

=

Fig. 1.

x p +1

xp

(3)

a=

ȳ p+1 − ȳ p
x̄p+1 − x̄p

and
b=

ȳ p x̄p+1 − ȳ p+1 x̄p
.
x̄p+1 − x̄p

Once x̄p , x̄p+1 , ȳ p and ȳ p+1 are given, then a and b become
constants. Thus, for 1 ≤ p ≤ M − 1, f (x) is a straight line
function with respect to x between x̄p and x̄p+1 (Fig. 3).
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If x = x̄p , then µAr (x) = 1 for r = p and µAr (x) = 0
for r 6= p. Thus (2) is given by
f (x̄p ) = ȳ p .
To be convex, the set of points (x̄p , ȳ p ) for 1 ≤ p ≤ M must
satisfy the following property (Fig. 4) [25]:
¡
¢
¡
¢
¡
¢
slope AB ≤ slope AC ≤ slope BC .

C
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¢
¡
By using
¡
¢ the relationship between slope AB and
slope BC , the following inequality can be derived:

III. U NIVERSAL A PPROXIMATOR OF SISO C ONVEX
F UNCTION
Several results (e.g., [9]-[22]) show that a fuzzy system
can approximate any continuous or smooth function on a
compact set to an arbitrary degree of accuracy. In this section,
we prove in a constructive manner that the developed SISO
CFS can approximate any continuously differentiable SISO
convex function on a compact set to any required accuracy. In
developing a SISO CFS, we first need information available
on the target function g(x) : U ⊂ R →V ⊂ R. In practical
problems, the mathematical model of target function g(x)
is usually unknown but we have input-output data pairs
(xj , g(xj )) where j = 1, · · · , r and r is the number of data
pairs [9]. In this section, it is assumed that the output of the
target function is convex with respect to its input. Based on
this priori information about g(x), we construct a SISO CFS
as follows.
1) Define M fuzzy sets A1 , · · · , AM in [α, β] ⊂ U , which
are characterized by triangular membership functions
with conditions 1) and 2) in Theorem 1. And define
α = x̄1 and β = x̄M . The triangular membership
functions are as follows:
µA1 (x) = µA1 (x; x̄1 , x̄1 , x̄2 ),
µAp (x) = µAp (x; x̄p−1 , x̄p , x̄p+1 )
for 2 ≤ p ≤ M − 1 and

f (x̄p ) − f (x̄p−1 )
f (x̄p+1 ) − f (x̄p )
≤
x̄p − x̄p−1
x̄p+1 − x̄p
ȳ p − ȳ p−1
ȳ p+1 − ȳ p
≤ p+1
x̄p − x̄p−1
x̄
− x̄p
p+1
p
x̄
− x̄
x̄p − x̄p−1 p+1
ȳ p ≤ p+1
ȳ p−1 + p+1
ȳ
.
p−1
x̄
− x̄
x̄
− x̄p−1

µAM (x) = µAM (x; x̄M −1 , x̄M , x̄M ).

(7)

From (6) and (7), we can see that f (x) in x̄p−1 ≤ x ≤
x̄p+1 is a part of convex polygon whose vertices are ȳ p−1 , ȳ p
and ȳ p+1 . Because every three adjacent vertices ȳ p−1 , ȳ p and
ȳ p+1 for 2 ≤ p ≤ M − 1 constitute the convex polygon, the
whole polygon is also convex and piecewise linear (or affine)
as shown in Fig. 5.
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2) Construct IF-THEN rules for the SISO CFS as follows:
Rl : IF x is Al THEN y is B l
where 1 ≤ l ≤ M (same as (1)). Set the consequent
part parameters to
ȳ p = f (x̄p ) = g (x̄p ) .

(8)

Because g(x) is convex, ¡it satisfies ¢condition 3) in
Theorem
1. ¢In fact, for x̄p−1 , ȳ p−1 , (x̄p , ȳ p ) and
¡ p+1 p+1
x̄ , ȳ
, we have
g (x̄p ) = ȳ p
x̄p+1 − x̄p p−1
x̄p − x̄p−1 p+1
≤ p+1
ȳ
+
ȳ
x̄
− x̄p−1
x̄p+1 − x̄p−1
p+1
p
p
p−1
¡
¢
¡
¢
x̄
− x̄
x̄ − x̄
= p+1
g x̄p−1 + p+1
g x̄p+1 .
p−1
p−1
x̄
− x̄
x̄
− x̄
for 2 ≤ p ≤ M − 1.
3) Through the previous steps, we can construct a fuzzy
system with the form of (2). Because it satisfies all
conditions in Theorem 1, it is the SISO CFS.
Now we prove that the constructed SISO CFS can serve as
a universal approximator to any continuously differentiable
SISO convex function.
Theorem 2: Let f (x) be the constructed SISO CFS
and g(x) be the target function with the convexity. If g(x)
is continuously differentiable on U = [α, β] ⊂ R, then
° °
° ∂g °
°
kg − f k∞ ≤ °
° ∂x ° h
∞

where kd(x)k∞ = sup
¯ x∈U |d(x)|
¯ for any function d(x) and
h = max1≤p≤M −1 ¯x̄p+1 − x̄p ¯.
Proof: Because fuzzy sets used in f (x) are characterized by triangular membership functions satisfying conditions 1) and 2) in Theorem 1, input x is covered by at most
two triangular membership functions µAp (x) and µAp+1 (x)
as shown in Fig. 2. Thus (2) is changed to
Pp+1 l
l=p ȳ · µAl (x)
f (x) = Pp+1
l=p µAl (x)
#
"
Xp+1
µAl (x)
=
ȳ l
Pp+1
l=p
µ
(x)
l
l=p A
and by using (8), we have
"
#
Xp+1
¡ ¢
µAl (x)
f (x) =
ḡ x̄l .
Pp+1
l=p
l=p µAl (x)
Because
Xp+1
l=p

"

µAl (x)

Pp+1
l=p

µAl (x)

IV. S IMULATION E XAMPLES
A. Convex Function Approximation
We give an example that shows how to generate a SISO
CFS based on Theorem 1 and Theorem 2. As a target
function, we select the following SISO convex function:
g(x) = x2

(11)
2

∂ g
where x ∈ U = [−1, 1]. Because ∂x
2 = 2 > 0 in R, it is
convex in U . To use the result of Theorem 2, we assume that
we can know the bound of derivative of given target function
with respect to its input.
° °
° ∂g °
° ° =2
° ∂x °
∞

in U .

A1

A2

A3

A4

A5

A6

-1

- 0.6

- 0.2

0.2

0.6

1

#
= 1,

we have

l=p,p+1

From the Mean Value Theorem, we derive the following
inequality:
° °
° ∂g ° ¯
¯
° ¯x − x̄l ¯ .
|g(x) − f (x)| ≤ max °
(9)
l=p,p+1 ° ∂x °∞
£
¤
Because
x¯ ∈ x̄p , x̄p+1 , we know that |x − x̄p | ≤
¯ p+1
¯x̄
− x̄p ¯. Hence, (9) becomes
° °
° ∂g ° ¯ p+1
¯
° ¯x̄
|g(x) − f (x)| ≤ max °
− x̄p ¯ .
°
°
1≤p≤M −1 ∂x
∞
From the above inequality, we have
° °
° ∂g °
¯
¯
°
kg(x) − f (x)k∞ ≤ °
max ¯x̄p+1 − x̄p ¯
° ∂x ° 1≤p≤M
−1
° °∞
° ∂g °
°
≤°
(10)
° ∂x ° h
∞
° °
¯
¯
° ∂g °
where h = max1≤p≤M −1 ¯x̄p+1 − x̄p ¯. In (10), ° ∂x
°
∞
is a finite number and we can adjust the value of h by
increasing or decreasing the number of input fuzzy sets. That
is, kg(x) − f (x)k∞ ≤ ².
Theorem 2 shows that the constructed SISO CFS can approximate any continuously differentiable SISO convex function
on a compact set U to a required error bound ². But, in
computing the required accuracy, we need to know the bound
of the derivative of the target function with respect to its
input.

x

Fig. 6. Triangular membership functions to implement SISO CFS when
² = 0.8.
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Fig. 7. The graphs of target function (dotted line) and SISO CFS (solid
line) when ² = 0.8.

° °
° ∂g °
If ² = 0.8, kg(x) − f (x)k∞ ≤ ° ∂x
° h = 2h = 0.8. So
∞
h = 0.4 meets the requirement and we need 6 fuzzy sets.
In developing a SISO CFS, we use triangular membership
functions as shown in Fig. 6 and arrange their center x̄p at
−1.4 + p × 0.4 where 1 ≤ p ≤ 6. And we set the consequent
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Fig. 8. The graphs of target function (dotted line) and SISO CFS (solid
line) when ² = 0.4.

B. Comparison between CFS and Conventional Fuzzy System
In this section, we compare CFSs with conventional fuzzy
systems thorough simple identification example. We select
(11) as a target function. We arrange 6 membership functions
for input space as shown in Fig. 6 and select data pairs from
the target function. To consider noise effect as in practical
situations, we add random noise uniformly distributed in
[−0.3, 0.3] to output data. Then the output of the developed
fuzzy system is given by
P6
l
l=1 ȳ · µAl (x)
.
y = f (x) = P
6
l=1 µAl (x)
To determine ȳ l , we use LS [7]. We compare two methods.
One is the conventional least squares (LS) and the other is
the constrained LS by condition 3) in Theorem 1. The fuzzy
system trained by the latter method is SISO CFS. When the

0.5

1

Fig. 9. The identification result of conventional fuzzy system (black line:
identification result, dotted line: target function, circle: noisy input-output
pairs).

parameter ȳ p to g (x̄p ) to satisfy condition 3) in Theorem 1.
Then the developed SISO CFS is given by
¡ l¢
P6
l=1 g x̄ · µAl (x)
y = f (x) =
P6
l=1 µAl (x)

1

0.8

0.6

Output

whose graph is given in Fig. 7. The result graph is convex
with respect to x. However, it shows the large gap between
target function and SISO CFS due to the linearity of triangular membership function. To approximate g(x) with a smooth
CFS, we may reduce ² by using more fuzzy sets in x axis.
For example, if ² = 0.4, then h = 0.2 meets the requirement
and we need 11 fuzzy sets for input space. Through the same
procedure in the case of ² = 0.8, we arrange the triangular
membership functions and set the consequent parameters.
Then, the developed CFS is shown in Fig. 8, which looks
almost the same as the target function.
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Fig. 10. The identification result of CFS (black line: identification result,
dotted line: target function, circle: noisy input-output pairs).

number of data pairs is 21, the results are shown in Fig. 9
and Fig. 10.
The root mean square error (RMSE) between the identification results and the target function are given in TABLE I.
From the results, the developed CFSs are shown to perform
TABLE I
AVERAGE RMSE OBTAINED FROM 10

EVALUATIONS USING THE

DIFFERENT NUMBER OF DATA SET WITH TWO FUZZY SYSTEMS

System
Convex Fuzzy System
Conventional Fuzzy System

The number of data
6
11
21
0.3233 0.2936
0.3668
0.3424
0.3412
0.4035

better than the conventional fuzzy systems. It is mainly

because the conventional fuzzy systems are over-fitted to the
given noisy data pairs, but the CFSs are not just fitted to the
data due to the convexity.
V. C ONCLUSIONS
In this paper, we derived sufficient conditions for a fuzzy
system to guarantee the convex input-output relationship.
Suggested conditions are derived for a SISO case. And
the conditions are composed of two parts: the constraint
on input membership functions and the constraint on the
consequent parameters. A fuzzy system constrained by these
conditions is of a piecewise linear (or affine) convex model.
And we showed the approximation property of SISO CFS for
continuously differentiable SISO convex function. Through
simulation examples, we developed the SISO CFS for approximating the target function with convexity and showed
that the developed CFS are better than a conventional fuzzy
system in the convex function identification.
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