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In this paper, an iterative learning control (ILC) method is introduced to control molten steel level in a
continuous casting process, in the presence of disturbance, noise and initial errors. The general ILC
method was originally developed for processes that perform tasks repetitively but it can also be applied to
periodic time-domain signals. To propose a more realistic algorithm, an ILC algorithm that consists of a
P-type learning rule with a forgetting factor and a switching mechanism is introduced. Then it is proved
that the input signal error, the state error and the output error are ultimately bounded in the presence of
model uncertainties, periodic bulging disturbances, measurement noises and initial state errors.
Computer simulation and experimental results establish the validity of the proposed control method.
& 2010 Elsevier Ltd. All rights reserved.
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1. Introduction
In continuous casting of steel, controlling the molten steel level
is very important because a consistent level increases the surface
quality of the ﬁnal products. However, the level of molten steel in
continuous casters is affected by disturbances, time delays and
nonlinearities. In a continuous caster, one of the most severe
disturbances is bulging, which disturbs the level periodically.
Normally, bulging is similar in shape to a superposition of
sinusoidal waves and causes molten steel level to oscillate periodically. This paper focuses mainly on eliminating bulging
disturbance.
Many strategies have been proposed to control the level of
molten steel during continuous casting (Barron, Aguilar, Gonzalez,
& Melendez, 1998; Dussud, Galichet, & Foulloy, 1998; Keyser, 1991;
Lee, Kueon, & Lee, 2003; Watanabe, Omura, Konishi, Watanabe, &
Furukawa, 1999), but none of these attempts to eliminate bulging
disturbance directly. Furtmueller and Gruenbacher (2006) modeled the bulging effect and applied it to his control strategy, but this
method requires measurement of the current signal of the roller
motor under the mold, but this is difﬁcult to obtain in the ﬁeld and
does not properly reﬂect mold level disturbance due to bulging.
Therefore, an iterative learning controller is proposed that can be
applied easily to controlling molten steel level.
In a system that is subject to periodic disturbance, the repetitive
control method (Doh, Ryoo, & Chung, 2006; Moon, Lee, & Chung,

1998) is often useful. However the repetitive controller needs
precise plant information for stability, and large time delay
signiﬁcantly degrades its performance. In contrast, ILC method
does not need any plant information, and is easy to implement even
in systems that experience large time delay. The proposed ILC
technique is responsible for eliminating bulging disturbance while
the PID controller mainly stabilizes molten steel level.
This paper is organized as follows. Section 2 derives a mathematical model for molten steel level system; Section 3 describes the
proposed controller and the resulting control system; Section 4
shows computer simulation results and Section 5 shows experimental results on 1/4 scale hardware (H/W) simulator; the conclusion is given in Section 6; the stability analysis on the control
system is given in the Appendix.
In this paper, the following notations and deﬁnitions will be
used. Rn is the n-dimensional Euclidean space with norm
JzJ ¼ ðzT zÞ1=2 for z A Rn . C A Rpm
is a (p  m)-dimensional matrix
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with real elements and JCJ ¼ lmax ðC T CÞ represents the induced
matrix norm where lmax ðÞ denotes the maximum eigenvalue. Let N
be the set of positive integers 1,2,y,n. Finally, the anorm is
deﬁned for a positive real function z : N-R as
 k
1
JzðÞJa ¼ sup zðkÞ
for a Z1:
kAN

a

2. Molten steel level model
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In the continuous casting process (Fig. 1), the molten steel in the
tundish (Fig. 2) is poured into the mold through a nozzle. The
control process is activated to maintain the molten steel level at a
preset value. The molten steel is cooled ﬁrst in the mold, and then

Author's personal copy
B. You et al. / Control Engineering Practice 19 (2011) 234–242

235

Fig. 2. Tundish and mold.

casting speed. SG(u) can then be calculated as
SGðuÞ ¼ 0,
SGðuÞ ¼ 4

Z

u r z,
uþr

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 2 ðxuÞ2 dx,

u4z

ðu þ bÞ=2


 
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bu
bu

4r 2 ðbuÞ2 ,
¼ pr 2 2r 2 arcsin
2r
2

ð4Þ

where u (m) is the input reference of the slide gate; z (m) is the dead
zone; r (m) is the radius of the slide gate; b (m) is the maximum
moving distance of the slide gate.
The molten steel level model, (2)–(4) can be described as

Fig. 1. Continuous casting process.

xi ðk þ 1Þ ¼ xi ðkÞ þ Bðxi ðkÞ,ui ðkÞ,kÞ þ bi ðkÞ þ di ðkÞ,
further by cooling units in the rolls under the mold. Finally the
molten steel is shaped into slabs after passing through many
rollers.
The continuity equation of the molten steel in the mold is
dV
¼ Qin Qout ,
dt

ð1Þ

where Qin (m3/s) is the incoming molten steel ﬂow into the mold,
Qout (m3/s) is the outgoing ﬂow from the mold, and V (m3) is the
volume of molten steel stored in the mold. V is represented as A  y,
where A (m2) is the cross sectional area of the mold and y (m) is the
molten steel level in the mold. A ¼ W  D, where W (m) is the width
of the mold and D (m) is its thickness. Then, Eq. (1) becomes
dy
1
¼ ðQin Qout Þ,
dt
A

ð2Þ

where Qin and Qout are represented as
pﬃﬃﬃﬃﬃﬃﬃﬃ
Qin ¼ 2ghSGðuÞ,
Qout ¼ A  v0 :

yi ðkÞ ¼ xi ðkÞ þ ni ðkÞ,

ð5Þ

where i indicates the number of iterations, k is the discrete time
index starting from k¼1 to k¼n. For all k A N, xi ðkÞ A Rp ,
ui ðkÞ A Rr , yi ðkÞ A Rm , bi ðkÞ A Rp , di ðkÞ A Rp , ni ðkÞ A Rm are, respectively, the state, the input, the output, the model uncertainty, the
periodic bulging disturbance and the output measurement
noise at the
pﬃﬃﬃﬃﬃﬃﬃﬃ
ith iteration. B(xi(k),ui(k),k) is equal to ðDT=AÞð 2ghSGðFfb ðui ðkÞÞÞQout Þ
where DT is the sampling time and Ffb ðÞ is a function of the control
input. The molten steel level equation (5) satisﬁes the following
properties and bounds.
Property 1. A target trajectory for the iterative learning algorithm is
given as a bounded output sequence yd(k), k A N, that can be
represented as
xd ðk þ1Þ ¼ xd ðkÞ þ Bðxd ðkÞ,ud ðkÞ,kÞ,
yd ðkÞ ¼ xd ðkÞ:

ð3Þ

pﬃﬃﬃﬃﬃﬃﬃﬃ
Here, g (m/s2) is the gravity acceleration; 2gh is the outgoing
velocity of molten steel from the tundish; h (m) is the height of
molten steel in the tundish; SG(u) (m2) is the cross-sectional area
through which molten steel ﬂows into the mold and v0 (m/s) is the

ð6Þ

Property 2. The function B(xi(k),ui(k),k) is globally Lipschitz with
respect to xi(k),ui(k):
JBðx1 ,u1 ,kÞBðx2 ,u2 ,kÞJ r cB ðJx1 x2 J þJu1 u2 JÞ
for all kA N and for some positive constant cB .

ð7Þ
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Property 3. The function B(xi(k),ui(k),k) is bounded as JBðxi ðkÞ,
ui ðkÞ,kÞJ rbB , where bB is a positive constant.
In developing the controller, three assumptions on the system
are imposed as follows:
Assumption 1.
max Jud ðkÞJ rbud :

1rkrn

Assumption 2. The disturbances and noises are bounded as
max

max Jbi ðkÞJ r bb ,

max

max Jdi ðkÞJ r bd ,

max

max Jni ðkÞJ r bn ,

1 r i o 11 r k r n

1 r i o 11 r k r n

1 r i o 11 r k r n

for some positive constants bb , bd, bn.
Assumption 3. For every iteration, the trajectory starts within a
neighborhood of xd(0) such that Jxd ð0Þxi ð0ÞJ rbx0 for all i Z 1 and
for some bx0 4 0.
These assumptions normally hold for most repetitive nonlinear
dynamic systems (Hauser, 1987; Heinzinger, Fenwick, Paden, &
Miyazaki, 1992; Jang, Choi, & Ahn, 1995; Kang, Lee, & Han, 2005;
Kuc, Lee, & Nam, 1992; Wang, 1998). Assumption 3 is normally
satisﬁed because the PID controller mainly stabilizes the output
signal, and because the initial state of the bulging disturbance is
usually close to the desired output signal.

ILC during each period. Bulging disturbance frequencies can be
calculated from the roll pitch and casting speed information, or can
be determined by performing a fast Fourier transform (FFT).
In a molten steel level system, periodic bulging is usually
generated by periodic shrinkage and expansion of molten steel
when it passes through the casting rollers below the mold. When
the molten steel passes through the rollers, the unsolidiﬁed part
expands when between them and shrinks when in contact with
them. This bulging disturbance is directly translated into variation
in the molten steel level in the mold, which cannot be easily
regulated using conventional control methods.
Periodic bulging is generally composed of two sine waves with
almost identical amplitudes, but each peak of the bulging
disturbance may not be exactly the same in all iterations (Fig. 4).
Particularly around the small amplitude area, the small errors
can cause sign changes in successive iterations, thereby causing
signiﬁcant errors in the level of the molten steel. To overcome
this problem, a forgetting factor and a switching mechanism
are introduced in the proposed algorithm. The forgetting factor
reduces the effect of the current input signal, particularly when
this signal is computed from an error-prone disturbance; the
switching controller turns off the ILC unit when the output level
exceeds a threshold value. These two control strategies are useful
in general because the bulging disturbance varies over time
(see Fig. 5).
Another concern is that the molten steel level system experiences signiﬁcant time delay. If this time delay ignored, the

H/W test

3. Controller design
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An iterative learning rule is proposed for control of the molten steel
level during the continuous casting process:

84

ð8Þ

for the ith iteration, where ei(k)¼yd(k) yi(k) are the output tracking errors, si1(k)¼0.5[sgn(Tv  ei + 1(k))+1], si2(k)¼  0.5[sgn(Tv 
ei + 1(k)) 1], Tv is a threshold value used for switching mechanism,
L(k) is the learning gain that satisfy LðkÞ rbL for all k A N and for some
bL, and p is a forgetting factor (Chien & Liu, 1994; Heinzinger et al.,
1992) that satisﬁes 0 r p o 1. Obviously, p¼ 0 corresponds to integral
action, and 0 o p o 1 corresponds to low pass ﬁltering in the iteration
domain. ui(k) + L(k)ei(k+1) is the typical predictive learning term.
When the level error is smaller than the threshold value in the
switching controller, a P-type learning rule is used with a forgetting
factor. If the level error exceeds the threshold value, then the input
maintains the previous one.
In the proposed control system (Fig. 3), the PID controller is
responsible for overall control stability. Because bulging disturbance is periodic, one period is treated as one iteration and apply
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Fig. 4. Bulging disturbance generated from the H/W simulator.
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Fig. 5. Mold level output.
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and was about 2 s in the case of 1/4 scale H/W simulator. The ILC
algorithm can easily compensate for time delay by generating a
control input and applying it to the system in advance of the
disturbance by an interval equivalent to the measured time
delay. This process causes the ILC algorithm to be in phase with
the mold level system, thereby compensating for the bulging
disturbance.
Still another concern is the difﬁculty in ﬁnding the starting point
when applying the ILC algorithm. This starting point can be found
by examining the mold level signal of the PID control system.
Because the level signal is periodic (Fig. 6), the starting point can be
selected manually or determined automatically by using the
computer algorithm. Once the starting point is located, the subsequent starting points of the periodic signal can be determined
automatically by using information about the bulging disturbance
frequency. In the presence of model uncertainties, disturbances,
noises and initial errors, we can prove that the state signal error,
the output signal error and the input signal error of the control
system are ultimately bounded, the proof of which is given in the
Appendix.

performance of various control methods can deteriorate or even
diverge. The system time delay can be measured directly; it
measured so in 1/4 scale H/W simulator (Fig. 6). First, an input
sinusoidal signal is applied off-line to the slide gate with the same
frequency as that of the bulging and then measured the time
difference between the input slide gate signal and the output mold
level signal. Then the resulting time delay can be measured (Fig. 6),

Mold Level & Slide Gate Input of H/W Simulator (system delay = 2.02 sec)
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4. Simulation results
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To demonstrate the feasibility of the developed controller, a
simulation is performed. The reference mold level was set to
80 mm, reﬂecting the desired level of the hardware simulator. The

Fig. 6. System delay measurement.

88
PID

PID + P−type ILC

86

Moldlevel (mm)

84
82
80
78
76
74
72

0

50

100

150

200
time (sec)

250

300

350

400

350

400

Fig. 7. Simulation result of the PID and P-type ILC control system.
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Fig. 9. The switching parameter s2(k) and the proposed controller output.

Fig. 10. Conﬁguration of the proposed control system.

bulging used for simulation consisted of two sinusoids with
amplitude 10.5 mm peak to peak and frequencies 0.120–0.122
and 0.140–0.142 Hz. The phase of the bulging disturbance was
assumed to be 01. The learning gain L(k) was set to 0.6 for all kA N,
the forgetting factor to p ¼0.2 and eight periods were simulated
under bulging disturbance.
In this simulation, the level error increased to 13 mm peak to
peak when the PID controller is used but it went down to  7 mm
peak to peak when the P-type ILC is applied. However, after 4th
iterations, the control performance was not improved further due
to time varying characteristics of the bulging disturbance (Fig. 7).
When the proposed ILC was used, the controller performance was
continuously improved even after 4th iterations (Fig. 8).
Fig. 9 shows the behavior of switching parameter s2(k) and the
proposed controller output. When s2(k) ¼0, the switch is turned on,
but otherwise, it is turned off. As shown in Figs. 8 and 9, the switch
turns on when the absolute value of the present error exceeds the
threshold value Tv (4 mm) and prevents the proposed controller
from responding to the unexpected peak. In addition, the proposed
controller output generates bulging signal estimates and used
them to reduce the original bulging disturbance.

5. Experimental results
A 1/4 scale H/W simulator is built to test the molten steel level
algorithm experimentally using a model system (Figs. 10 and 11) and

Fig. 11. 1/4 scale H/W simulator.
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set to 80 mm; the bulging signal consisted of sine waves with
amplitude 11.7 mm peak to peak and frequencies 0.124–0.128 and
0.140–0.144 Hz.
To compare the performances of the PID controller and the PID
controller with a P-type iterative learning algorithm, the learning
gain L(k) was set to 0.4 for all k A N and eight iterations were
performed. Under the bulging disturbance, the PID controller with
P-type iterative learning algorithm performed better than the PID
controller (Fig. 12). With only the PID controller, the level error
increased to 13 mm peak to peak but with the P-type iterative
learning controller this error was only  8 mm peak to peak.
However, after ﬁve iterations, the control performance gradually
declined mainly due to time-varying characteristics of the bulging
disturbance.
To compare the performances of the PID controller, and the PID
controller with the proposed iterative learning algorithm, the learning
gain L(k) was set to 0.4 for all k A N, the forgetting factor to p¼0.2 and
eight iterations were performed. The controller with the proposed
iterative learning controller performed better than the other two
controllers (Fig. 13, Table 1). Even after ﬁve iterations, control quality
was maintained despite the time-varying characteristics of the
bulging disturbance. The P-type iterative learning controller reduced
the peak to peak level error to  8 mm, but the proposed controller
reduced it to  5 mm. The quality of the slab in the continuous

executed the control program on a VME system with a VxWorks
O/S. The control software was programmed with a Programmable
Logic Controller (PLC) in which Ladder Diagram (LD), Function Block
Diagram (FBD) and C programming are available. The H/W simulator
uses water instead of molten steel and includes an artiﬁcial bulging
generator to produce the bulging disturbance. Tundish, mold, bulging
generator and water tank are the main parts of the H/W simulator. To
produce the bulging disturbance, the two servo motors were used.
When these motors move up and down, water exits and enters the
mold through a pipe. The two motors were oscillated regularly, each at
a different frequency, to produce bulging in the shape of two sine
waves. The water level in the mold was measured using an ultrasonic
sensor.
The input side of the H/W simulator consists of a slide gate, and
two motors to induce bulging. The output side of the simulator
consists of the mold level, the slide gate position, and the limit
sensors. A servo motor was used to control the position of the slide
gate. A manual valve was placed beneath the mold to control the
outgoing ﬂow from the mold into the water tank and its ﬂow speed
was output as an electrical signal.
To compare the control performance of the H/W simulator, it is
tested using a PID controller, a PID controller with a P-type iterative
learning algorithm, and a PID controller with the proposed iterative
learning algorithm. For all three cases, the reference mold level was
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Fig. 12. Mold level when PID and PID + P-type ILC controllers are used.
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Appendix A. Stability analysis of the controller

Table 1
Precision of controllers tested, means of eight iterations.
Controller

In this Appendix, the stability and boundedness of the proposed
ILC scheme is considered as applied to the process of regulating
molten steel level. When the system suffers from model uncertainties,
periodic bulging disturbances, output noises and initial state errors, it
can be proved that Jxd ðkÞxi ðkÞJ, Jud ðkÞui ðkÞJ and Jyd ðkÞyi ðkÞJ are
ultimately bounded as given in the following theorem. For subsequent
analysis, bs, bs1 and bs2 are deﬁned as follows:

Level performance (%) within speciﬁed limits

PID
PID + P-type ILC
PID + Proposed

r 7 3 mm

r 7 5 mm

r 7 10 mm

79.73
93.31
98.10

94.90
100
100

100
100
100

Deﬁnition 1.
bs ¼ max

Convergence of output error (within 3mm)
Proposed
P−type ILC

level error (%)

max Jð1si1 ðkÞð1pÞÞJ,

1 r i o 11 r k r n

14
12

bs1 ¼ max

max Jsi1 ðkÞJ,

10

bs2 ¼ max

max Jsi2 ðkÞJ:

1 r i o 11 r k r n

1 r i o 11 r k r n

6

Theorem 1. Consider a time-varying discrete-time system (5) with an
iterative learning rule (8). Assume that Assumptions1–3 are satisﬁed
and that the inequality

4

Jsi1 ðkÞð1pÞJ þ bs1 bL cB r r o 1,

8

ð9Þ

n

2

0

2

3

4

5
iteration

6

7

8

Fig. 14. The percentage of mold level error whose magnitude is b 3 mm.

casting process is usually considered good when the molten steel level
stays within 3 mm of the reference level. The proposed controller
achieved this precision 498% of the time (Table 1).
Using this controller, the mold level error eventually converged
to r 7 3 mm (Fig. 14). Within six iterations, the mold level error of
the control system with the proposed ILC or with the P-type
learning controller tended to decrease. The mold level performance
with the P-type learning controller tended become less precise
after seven iterations, as a result of time-varying disturbances and
model uncertainties. But the mold level with the proposed ILC
learning controller remained acceptably precise even in the presence of these time-varying disturbances and model uncertainties.

holds for all ðxi ðkÞ,kÞ A R  N. Given a bounded output sequence yd(k)
in the presence of model uncertainties, bulging disturbances, output
noises and initial state errors, Jui ðkÞud ðkÞJ, Jxi ðkÞxd ðkÞJ, and
Jyi ðkÞyd ðkÞJ will be ultimately bounded with bounds that are
functions of bb , bd, bn, bx0 .
Remark 1. Note that p and bL are the design parameters and these
parameters can be selected to satisfy (9).
Proof. Subtracting xd(k+ 1) from xi(k +1) yields
x~ i ðk þ1Þ ¼ xd ðk þ1Þxi ðk þ1Þ
¼ ½xd ðkÞ þ Bðxd ðkÞ,ud ðkÞ,kÞ½xi ðkÞ þ Bðxi ðkÞ,ui ðkÞ,kÞ þ bi ðkÞ þ di ðkÞ
¼ x~ i ðkÞ þ Bðxd ðkÞ,ud ðkÞ,kÞBðxi ðkÞ,ui ðkÞ,kÞbi ðkÞdi ðkÞ,
where x~ i ðkÞ ¼ xd ðkÞxi ðkÞ is the state error vector.
Taking norms on both sides of (10) gives
Jx~ i ðk þ 1ÞJ rJx~ i ðkÞJ þcB Jx~ i ðkÞJ þcB Ju~ i ðkÞJ þ bb þ bd ,

In this paper, an iterative learning control technique was
proposed and applied to a continuous casting simulator. Treating
one period of bulging disturbance as one iteration, it is developed
an iterative learning controller that performs well in reducing the
periodic bulging disturbance. In the presence of model uncertainties, disturbances, noises and initial errors, it is proved that the
state signal error, the output signal error and the input signal error
of the control system are ultimately bounded. The proposed control
method was implemented on a 1/4 scale H/W simulator but it will
soon be applied to a full scale H/W simulator in an active steel mill.
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ð11Þ

where u~ i ðkÞ ¼ ud ðkÞui ðkÞ.
Then it follows from (11) that
Jx~ i ðk þ 1ÞJ rð1 þcB ÞJx~ i ðkÞJ þ cB Ju~ i ðkÞJ þ bb þbd ,

6. Conclusion

ð10Þ

ð12Þ

which yields
Jx~ i ðkÞJ r

k1
X

ð1 þ cB Þk1j ½cB Ju~ i ðjÞJ þ bb þ bd  þ ð1 þcB Þk bx0 :

ð13Þ

j¼0

On the other hand, (8) indicates that the control input error vector
u~ i þ 1 ðkÞ becomes
u~ i þ 1 ðkÞ ¼ ud ðkÞui þ 1 ðkÞ
¼ ud ðkÞsi1 ðkÞ½ð1pÞui ðkÞ þ LðkÞei ðk þ 1Þsi2 ðkÞui þ 1 ðk1Þ
¼ ud ðkÞsi1 ðkÞð1pÞui ðkÞsi1 ðkÞð1pÞud ðkÞ
þ si1 ðkÞð1pÞud ðkÞsi1 ðkÞLðkÞei ðk þ1Þsi2 ðkÞui þ 1 ðk1Þ
¼ si1 ðkÞð1pÞu~ i ðkÞ þ ud ðkÞsi1 ðkÞð1pÞud ðkÞ
si1 ðkÞLðkÞ½yd ðk þ1Þyi ðk þ 1Þsi2 ðkÞui þ 1 ðk1Þ
¼ si1 ðkÞð1pÞu~ i ðkÞ þ ð1si1 ðkÞð1pÞÞud ðkÞ
si1 ðkÞLðkÞ½xd ðk þ 1Þxi ðk þ 1Þni ðkÞsi2 ðkÞui þ 1 ðk1Þ
¼ si1 ðkÞð1pÞu~ i ðkÞ þ ð1si1 ðkÞð1pÞÞud ðkÞsi1 ðkÞLðkÞ½xd ðkÞ
þ Bðxd ðkÞ,ud ðkÞ,kÞxi ðkÞBðxi ðkÞ,ui ðkÞ,kÞbi ðkÞdi ðkÞ
ni ðkÞsi2 ðkÞui þ 1 ðk1Þ þ si2 ðkÞud ðk1Þsi2 ðkÞud ðk1Þ
¼ si1 ðkÞð1pÞu~ i ðkÞ þ ð1si1 ðkÞð1pÞÞud ðkÞsi1 ðkÞLðkÞ½x~ i ðkÞ
þ Bðxd ðkÞ,ud ðkÞ,kÞBðxi ðkÞ,ui ðkÞ,kÞbi ðkÞdi ðkÞni ðkÞ
þ si2 ðkÞu~ i þ 1 ðk1Þsi2 ðkÞud ðk1Þ

Author's personal copy
B. You et al. / Control Engineering Practice 19 (2011) 234–242

¼ si1 ðkÞð1pÞu~ i ðkÞ þð1si1 ðkÞð1pÞÞud ðkÞ
si1 ðkÞLðkÞx~ i ðkÞsi1 ðkÞLðkÞ½Bðxd ðkÞ,ud ðkÞ,kÞBðxi ðkÞ,ui ðkÞ,kÞ
þ si1 ðkÞLðkÞ½bi ðkÞ þ di ðkÞ þ ni ðkÞþ si2 ðkÞu~ i þ 1 ðk1Þsi2 ðkÞud ðk1Þ

where
!


a
1ðð1 þ cB Þ=aÞk
r^ ¼
r þ bB h1
,
að1 þ cB Þ
abs2

ð14Þ

e¼



Applying Property 2 and Assumption 2 to (14) yields
Ju~ i þ 1 ðkÞJ r Jsi1 ðkÞð1pÞJJu~ i ðkÞJ þ bs bud þ bs1 bL Jx~ i ðkÞJ þ bs1 bL cB Jx~ i ðkÞJ
þ bs1 bL cB Ju~ i ðkÞJ þ bs1 bL ðbb þ bd þ bn Þ þ bs2 Ju~ i þ 1 ðk1ÞJ þ bs2 bud :

ð15Þ
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ah1
abs2



1 þ cB k

a

bx0 þ

 k

ab1 1
abs2 a

þ

ð22Þ

aðbb þ bd Þh1 ½1ðð1 þ cB Þ=aÞk 
,
ðabs2 Þðað1 þ cB ÞÞ
ð23Þ

and then
i

Ju~ i þ 1 Ja r r^ Ju~ 1 Ja þ e

i1
X

r^ j ¼ r^ i Ju~ 1 Ja þ eð1

j¼0

r^ i Þ
:
1r^

Let h1 ¼ bs1 bL ð1 þ cB Þ and b1 ¼ ðbs þ bs2 Þbud þbs1 bL ðbb þ bd þbn Þ. Then
(15) can be rewritten as

If a is chosen to be large enough that r^ o 1,

Ju~ i þ 1 ðkÞJ r ½Jsi1 ðkÞð1pÞJ þ bs1 bL cB Ju~ i ðkÞJ þ h1 Jx~ i ðkÞJ
þbs2 Ju~ i þ 1 ðk1ÞJ þ b1 :

i-1

ð16Þ

Substituting (11) and (9) into (16) gives
2

k1
X

Ju~ i þ 1 ðkÞJ r rJu~ i ðkÞJþ h1 4

3
ð1 þ cB Þ

k1j

e

lim Ju~ i Ja r

1r^

a

a

½cB Ju~ i ðjÞJ þ bb þ bd  þ ð1 þ cB Þ bx0 5
k


þ

þ bs2 Ju~ i þ 1 ðk1ÞJ þ b1 :

a

r rJu~ i ðkÞJ

þ

h1

a

X
k1 

a

þ bs2

 k
1

þ h1 bx0

a

1þ cB

k
þb1

a

a

 k
1

 k1
1

a

a

þ ðbB Ju~ i Ja þ bb þ bd Þ

r rJu~ i Ja þ h1 bx0



1 þ cB k

a

i-1

 k
1

a

þ

 
bs2
Ju~ i þ 1 Ja

a

 k
1

a

¼

a

ð19Þ

ðð1þ cB Þ=aÞk1 ðða=ð1 þ cB ÞÞk 1Þ
1ðð1 þ cB Þ=aÞk
¼
:
aða=ð1 þ cB Þ1Þ
að1 þ cB Þ

ð27Þ

Next, subtracting (5) from (6) gives
ð28Þ
k

Taking norms and multiplying both sides of (28) by ð1=aÞ yields
 k
1
bn :
ð29Þ
Jy~ i Ja rJx~ i Ja þ

a

Substituting (27) into (29) gives
1ðð1 þcB Þ=aÞk e
1ðð1 þ cB Þ=aÞk
þ ðbb þ bd Þ
að1 þcB Þ 1r^
að1 þ cB Þ

k
 k
1þ cB
1
bx0 þ
bn :
þ

lim Jy~ i Ja rcB

i-1

a

a

ð30Þ

Consequently, in the presence of model uncertainties, bulging disturbances, output noises and initial state errors, the errors Jui ðkÞ
ud ðkÞJ, Jxi ðkÞxd ðkÞJ and Jyi ðkÞyd ðkÞJ become ultimately bounded
by functions of bb , bd , bn , bx0 as given in (24), (27), and (30). &

ð20Þ

Appendix B. Supplementary material

ð21Þ

Supplementary data associated with this article can be found in
the online version of 10.1016/j.conengprac.2010.11.009.

Then (19) implies
Ju~ i þ 1 Ja r r^ Ju~ i Ja þ e,



1ðð1þ cB Þ=aÞk
1 þ cB k
þ
bx0 :
að1þ cB Þ
a

y~ i ðkÞ ¼ yd ðkÞyi ðkÞ ¼ xd ðkÞ½xi ðkÞ þni ðkÞ ¼ x~ i ðkÞni ðkÞ:

because

aj¼0

1ðð1 þcB Þ=aÞk e
að1 þcB Þ 1r^

þ ðbb þ bd Þ

a

aðbb þbd Þh1 ½1ðð1 þ cB Þ=aÞk 
ðabs2 Þðað1 þ cB ÞÞ


k1 
1X
1 þ cB k1j

ð26Þ

ð18Þ

:

!  
h1 ½1ðð1 þ cB Þ=aÞk 
bs2
þ ðbB Ju~ i Ja þbb þ bd Þ
Ju~ i þ 1 Ja
þ
að1 þcB Þ
a
!


a
1ðð1 þcB Þ=aÞk
¼
r þ bB h1
Ju~ i Ja
að1 þcB Þ
abs2



 
ah1
1 þ cB k
ab1 1 k
þ
bx0 þ
abs2
a
abs2 a
þ



1ðð1 þ cB Þ=aÞk
1 þ cB k
þ
bx0
að1 þ cB Þ
a

Applying (24) into (26),

j¼0

þ b1

ð25Þ

1ðð1 þ cB Þ=aÞk
1ðð1 þ cB Þ=aÞk
Ju~ i Ja þðbb þbd Þ
að1 þ cB Þ
að1 þ cB Þ


1 þ cB k
þ
bx0 :

lim Jx~ i Ja r cB

þb1

bx0 ,

a

 X


h1 k1 1 þ cB k1j

a

a

a

¼ cB

a

Taking a 4 max½1,bb þ bd  yields


1 þ cB k

k

Jx~ i Ja r ðcB Ju~ i Ja þ bb þbd Þ

a

a

Ju~ i þ 1 ðk1ÞJ

Ju~ i þ 1 Ja r rJu~ i Ja þ h1 bx0

1þ cB

a

gives

"

 j
 j #
ð1 þ cB Þ k1j
1
1
cB Ju~ i ðjÞJ
þðbb þbd Þ

j¼0

 
1



a

j¼0

ð17Þ

Multiplying both sides of (17) by ð1=aÞk to compute the anorm
yields
 k
1

ð24Þ

Similarly, multiplying both sides of (13) by ð1=aÞk gives
"
 k   X


 j
 j #
1
1 k1 1 þcB k1j
1
1
Jx~ i ðkÞJ
r
cB Ju~ i ðjÞJ
þ ðbb þ bd Þ

j¼0

Ju~ i þ 1 ðkÞJ

:
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